We present a covariant multisymplectic formulation for the Einstein-Hilbert model of General Relativity. As it is described by a second-order singular Lagrangian, this is a gauge field theory with constraints. The use of the unified Lagrangian-Hamiltonian formalism is particularly interesting when it is applied to these kinds of theories, since it simplifies the treatment of them; in particular, the implementation of the constraint algorithm, the retrieval of the Lagrangian description, and the construction of the covariant Hamiltonian formalism. In order to apply this algorithm to the covariant field equations, they must be written in a suitable geometrical way, which consists of using integrable distributions, represented by multivector fields of a certain type. We apply all these tools to the Einstein-Hilbert model without and with energy-matter sources. We obtain and explain the geometrical and physical meaning of the Lagrangian constraints and we construct the multimomentum (covariant) Hamiltonian formalisms in both cases. As a consequence of the gauge freedom and the constraint algorithm, we see how this model is equivalent to a first-order regular theory, without gauge freedom. In the case of presence of energy-matter sources, we show how some relevant geometrical and physical characteristics of the theory depend on the type of source. In all the cases, we obtain explicitly multivector fields which are solutions to the gravitational field equations. Finally, a brief study of symmetries and conservation laws is done in this context.
Introduction
The geometrisation of the theories of gravitation (General Relativity) and, in particular the multisymplectic framework, allows us to do a covariant description of these theories, considering and understanding several inherent characteristics of it, and it has been studied by different authors. For instance, relevant references devoted to develop geometrically general aspects of the theory are [2, 5, 6, 7, 15, 22, 26, 40] , the reduction of the order of the theory and the projectability of the Poincaré-Cartan form associated with the Hilbert-Einstein action is explained in [4, 38, 39] , meanwhile in [32, 33] different aspects of the theory are studied using Lepage-Cartan forms, and in [45, 46] a multisymplectic analysis of the vielbein formalism of General Relativity is done. Finally, some general features of the gravitational theory following the polysymplectic version of the multisymplectic formalism are described in [21, 41] , including the problem of its precanonical quantization [27, 28, 29] . This paper is a contribution to the study of the most classical variational model for General Relativity that is, the Einstein-Hilbert theory (with and without energy-matter sources), using the multisymplectic framework for giving a covariant description of it. As it is well-known, this model is described by a second-order singular Lagrangian, and thus this study presents General Relativity as a higher-order premultisymplectic field theory with constraints. Our study is done from a different perspective since we use the unified Lagrangian-Hamiltonian formalism developed for first and second-order multisymplectic field theories [14, 35] (which was stated first by R. Skinner and R. Rusk for autonomous mechanical systems [44] ), and is specially interesting for analyzing non-regular constraint theories. Then we derive from it the Lagrangian and multimomentum Hamiltonian formalism.
As a consequence of the singularity of the Lagrangian, the Einstein-Hilbert model exhibits gauge freedom and it can be reduced to a first-order field theory [4, 32, 33, 38, 39] . Then, related to this topic, we analyse also a first-order theory equivalent to Einstein-Hilbert (without matter-energy sources), which is described by a first-order regular Lagrangian, showing, in this way, that General Relativity can be realised as a regular multisymplectic field theory (without constraints). This first-order model is different from the affine-metric or Einstein-Palatini approach which is also a first-order but non-regular (gauge) theory. The gauge freedom of the Hilbert-Einstein theory is also discussed, in order to show clearly the relation with the first-order case. In the case of the Einstein-Hilbert model with energy-matter sources, we show how the behaviour of the theory (the constraints arising in the constraint algorithm and the achievement of the multimomentum Hamiltonian formalism) depends on the characteristics of the Lagrangian representing the sources. This study is done in detail for the most standard types of energy-matter sources: those coupled to the metric.
In our analysis, the field equations are stated on their standard form (for sections), but also in a more geometrical way, as equations for distributions (using multivector fields), which is the most suitable way in order to obtain the set of points where these equations have consistent solutions. Thus, this allows us to apply the extension of the geometrical constraint algorithms for singular dynamical systems to (higher-order) singular field theories (see [10, 35] ). In all the cases, we obtain explicitly multivector fields (i.e., distributions) which are solutions to the gravitational field equations. As we will see, this constraint algorithm plays a crucial role in obtaining the main features of the theory.
Another interesting aspect of the theory is the study of its symmetries. An analysis of this subject is also given, stating the basic definitions and properties of symmetries and conservation laws in the Lagrangian formalism (including the corresponding version of Noether's theorem) [12, 19] , and extending these concepts and properties to the unified formalism. The application of these results to the EinsteinHilbert model is briefly analyzed, recovering some previous results [32, 38] .
The organization of the paper is the following: In Section 2 we present the Hilbert-Einstein Lagrangian (without energy-matter sources) in the ambient of higher-order jet bundles and their associated multimomentum bundles. We develop the Lagrangian-Hamiltonian formalism for the theory and we ap-ply the constraint algorithm, obtaining the final constraint submanifold where the field equations have consistent solutions. Then, we recover both the Lagrangian and Hamiltonian formalisms, using in the last case, different charts of coordinates which show how this second-order theory can be equivalent to a first-order one. This equivalent first-order model is studied in Section 3, using again the unified formalism, and recovering then the Lagrangian and Hamiltonian settings from it. Section 4 is devoted to analyse the Hilbert-Einstein Lagrangian with energy-matter sources, following the same procedure as in Section 2, and comparing the features of both cases. In Section 5 we discuss the basic concepts about symmetries in the Lagrangian and the unified formalisms and for the Einstein-Hilbert model in particular. Finally, in the appendices, the calculation of multivector fields which are solutions to the field equations for all these models are explicitly done; as well as a brief review on multivector fields and distributions.
All the manifolds are real, second countable and C ∞ . The maps and the structures are C ∞ . Sum over repeated indices is understood.
2 The Einstein-Hilbert model (without energy-matter sources)
Previous statements. The Hilbert-Einstein Lagrangian
Fist we consider the Hilbert Lagrangian for the Einstein equations of gravity without sources (no matterenergy is present).
The configuration bundle for this system is a fiber bundle π : E → M , where M is a connected orientable 4-dimensional manifold representing space-time, whose volume form is denoted η ∈ Ω 4 (M ). E is the manifold of Lorentz metrics on M ; that is, for every x ∈ M , the fiber π −1 (x) is the set of metrics with signature (− + ++) acting on T x M .
The adapted fiber coordinates in E are (x µ , g αβ ), (µ, α, β = 0, 1, 2, 3), such that η = dx 0 ∧ . . . ∧ dx 3 ≡ d 4 x and where g αβ are the component functions of the metric. It is usefull to consider also the components g βα with β > α, since we should remember they are not independent because the metric is symmetric, g αβ = g βα . Actually there are 10 independent variables, resulting that the dimension of the fibers is 10 and dim E = 14. When we sum over the indices on the fiber and not all the components, we order the indices as 0 ≤ α ≤ β ≤ 3.
In order to state the formalism we need to consider the kth-order jet bundles of the projection π, J k π, (k = 1, 2, 3); which are the manifolds of the k-jets of local sections φ ∈ Γ(π); that is, equivalence classes of local sections of π (see [42] for details). Points in J k π are denoted by j k x φ, with x ∈ M and φ ∈ Γ(π) being a representative of the equivalence class. If φ ∈ Γ(π), we denote the kth prolongation of φ to J k π by j k φ ∈ Γ(π k ). We have the following natural projections: if r k,
Observe that π s r • π k s = π k r , π k 0 = π k , π k k = Id J k π , andπ k = π • π k . The induced coordinates in J 3 π are (x µ , g αβ , g αβ,µ , g αβ,µν , g αβ,µνλ ), (0 ≤ µ ≤ ν ≤ λ ≤ 3). Again, we will use all the permutations, although only the ordered ones are proper coordinates.
A special kind of vector fields are the coordinate total derivatives [35, 42] , which are locally given as
g αβ,τ ∂ ∂g αβ + g αβ,µτ ∂ ∂g αβ,µ + g αβ,µντ ∂ ∂g αβ,µν + g αβ,µνλτ ∂ ∂g αβ,µνλ .
Observe that, if f ∈ C ∞ (J k π), then D τ f ∈ C ∞ (J k+1 π).
Next, consider the bundle J 1 π and let Mπ ≡ Λ 4 2 (J 1 π) be the bundle of 4-forms over J 1 π vanishing by the action of twoπ 1 -vertical vector fields; with the canonical projections π J 1 π : Λ which n(µν) = 1 for µ = ν, and n(µν) = 2 for µ = ν). Denote Θ s 1 =  * s Θ 1 ∈ Ω 4 (J 2 π † ) and the multisymplectic form Ω s 1 =  * s Ω 1 = −dΘ s 1 ∈ Ω 5 (J 2 π † ), which are called symmetrized Liouville m and (m + 1)-forms, and their coordinate expressions are
Finally, consider the quotient bundle J 2 π ‡ = J 2 π † /Λ 4 1 (J 1 π), which is called the restricted 2-symmetric multimomentum bundle, and it is endowed with the natural projections
Observe that J 2 π ‡ is also the submanifold of
here ̺ = |det(g αβ )|, R is the scalar curvature,
) are the Christoffel symbols of the Levi-Civita connection of g, and g αβ denotes the inverse matrix of g, namely: g αβ g βγ = δ α γ . As the Christoffel symbols depend on first-order derivatives of g µν and taking into account the expression (1) we have that the Lagrangian contains second-order derivatives of the components of the metric and thus this is a second-order field theory.
Lagrangian-Hamiltonian unified formalism 2.2.1 The higher-order jet multimomentum bundles
For the Lagrangian-Hamiltonian unified formalism, we have to consider the symmetric higher-order jet multimomentum bundles W = J 3 π × J 1 π J 2 π † and W r = J 3 π × J 1 π J 2 π ‡ (see [35, 36] for details), which have as natural local coordinates (x µ , g αβ , g αβ,µ , g αβ,µν , g αβ,µνλ , p, p αβ,µ , p αβ,µν ) and (x µ , g αβ , g αβ,µ , g αβ,µν , g αβ,µνλ , p αβ,µ , p αβ,µν ), (0 ≤ α ≤ β ≤ 3; 0 ≤ µ ≤ ν ≤ 3). These bundles are endowed with the canonical projections
Furthermore, the quotient map µ :
We can define the canonical pairing
and, from here, we have a new pairing C s :
Therefore, the second-order coupling 4-form in W is the ρ M -semibasic 4-formĈ ∈ Ω 4 (W) defined bŷ
AsĈ is a ρ M -semibasic 4-form, there exists a functionĈ ∈ C ∞ (W) such thatĈ =Ĉρ * M η, and we have the coordinate expressionĈ
. Then, we introduce the Hamiltonian submanifold
which is defined by the constraint
and it is µ W -transverse and diffeomorphic to W r , Φ o : 
Hence, we have the diagram:
, with local expressions
In the following, we commit an abuse of notation denoting alsoL
Then, it is useful to consider the following decomposition [4, 38] :
whereL
The point on this decomposition is to isolate the acceleration term, becauseL αβ,µν andL 0 project onto functions L αβ,µν ∈ C ∞ (E) and L 0 ∈ C ∞ (J 1 π), respectively. Another useful function iŝ
These forms are degenerate; namely,
For a premultisymplectic form Ω, we call (geometric) gauge vector fields to those vector fields belonging to ker Ω. In this way, the coordinate vector fields in (6) are local gauge vector fields. Furthermore, Θ r is (π 3 1 • ρ r 1 )-projectable.
The Lagrangian-Hamiltonian problem
Consider the system (W r , Ω r ).
, and an integrable andπ M -transverse multivector field X ∈ X 4 (J k π) is holonomic if its integral sections are holonomic (see the appendix B for details on multivector fields).
is holonomic in J 3 π, and an integrable and ρ r M -transverse multivector field X ∈ X 4 (W r ) is holonomic if its integral sections are holonomic.
The local expression of a holonomic multivector field X ∈ X 4 (W r ) is
and, if ψ(
is an integral section of X, its component functions satisfy the following system of partial differential equations
It is important to point out that the fact that a multivector field in W r has the local expression (7) (and then being locally decomposable and ρ r M -transverse) is just a necessary condition to be holonomic, since it may not be integrable. However, if such a multivector field admits integral sections, then its integral sections are holonomic. In general, a locally decomposable and ρ r M -transverse multivector field which has (7) as coordinate expression, is said to be semiholonomic in W r .
The Lagrangian-Hamiltonian problem associated with the system (W r , Ω r ) consists in finding holonomic sections ψ ∈ Γ(ρ r M ) satisfying any of the following equivalent conditions:
1. ψ is a solution to the equation
2. ψ is an integral section of a multivector field contained in a class of holonomic multivector fields {X} ⊂ X 4 (W r ) satisfying the equation
As the form Ω r is 1-degenerate we have that (W r , Ω r ) is a premultisymplectic system, and solutions to (9) or (10) do not exist everywhere in W r . Then [35] :
What is equivalent, the submanifold W L V is the graph of a bundle morphism FL V :
The maps FL V and FL V are the restricted and the extended Legendre maps (associated with the Lagrangian density L V ), and they satisfy that FL V = µ • FL V (they can be also be defined intrinsically, as we will see in Section 2.3.1). For every j 3
Remember that, according to [43] , a second-order Lagrangian density L ∈ Ω 4 (J 2 π) is regular if
otherwise, the Lagrangian density is singular. Regularity is equivalent to demand that FL : J 3 π → J 2 π ‡ is a submersion onto J 2 π ‡ and this implies that there exist local sections of FL. If FL admits a global section Υ : J 2 π ‡ → J 3 π, then the Lagrangian density is said to be hyperregular. Recall that the regularity of L determines if the section ψ ∈ Γ(ρ r M ) solution to the equation (9) lies in W L or in a submanifold W f ֒→ W L where the section ψ takes values. In order to obtain this final constraint submanifold, the best way is to work with the equation (10) instead of (9) .
Observe that the map
Field equations for multivector fields
First, the premultisymplectic constraint algorithm [10] states that: (10) exists only on the points of the compatibility submanifold W c ֒→ W r defined by
Bearing in mind (6) and that i ∂ ∂g αβ,µντ dĤ = 0, the functions locally defining this submanifold have the following coordinate expressions
Then, the tangency condition for the multivector fields X which are solutions to (10) 
Then, there exist classes of holonomic multivector fields {X} ⊂ X 4 (W r ) which are tangent to W f and such that
Proof. In order to find the final submanifold W f we use a local coordinate procedure which is equivalent to the constraint algorithm for premultisymplectic field theories. Bearing in mind (7), the local expression of a representative of a class of a semiholonomic multivector fields, not necessarily integrable, is, in this case,
Equations (16) are what we obtain in Proposition 2 (see (12) ), and they are the constraints defining the compatibility submanifold W c ֒→ W r . The tangency conditions on them,
allows us to determine some coefficients
These new identities are not compatible with (10) . Indeed, combining them with (15) we have:
These restrictions define the submanifold W L V ֒→ W c . The tangency conditions on these new constraints,
Contracting the indices µ and τ in these restrictions and combining them with (14), we obtain the new functionŝ
which are explicitlyL
These are the Euler-Lagrange equations, and when they are evaluated on sections in W L V we recover the Einstein equations
From its definition we can see thatL αβ do not depend neither on the momenta, nor on higher order velocities than the accelerations of the components of the metric, thereforeL αβ project onto J 2 π. The equations (20) 
which lead to
These are new constraints again (observe that these functions D τL αβ project onto J 3 π, since they do not depend on the higher-order derivatives and the momenta). They define locally the submanifold
and these equations allows us to determine some functions F γλ;µνκ,σ . The manifold W f is actually the final constraint submanifold because there exist integrable holonomic multivector fields solutions to equations (13) on W f , tangent to W f , which are (partially) determined by the conditions (17) , (19) , and (22) ; that is,
One can prove (after a long computation) that this is actually an integrable solution (see section A for more details). Finally, we have that the complete set of constraint functions defining the final constraint submanifold W f ֒→ W r are given by (16) , (18) , (20) and (21) ; that is,
Field equations for sections
Once the holonomic multivector fields which are solutions to equation (10) (on W f ) have been obtained, in order to obtain the field equations for sections we can use, either the equations (8), or the equivalent equations (9) which the integral sections of these multivector fields satisfy. Thus, if these sections are locally given by
the equation (10) leads to
Equations (27) and (28) are part of the holonomy conditions. Equations (25) and (26), as they do not involve the derivatives of the fields higher than 3, are just relations among the coordinates of the points in W r , which are equivalent to equations (16) and (15), respectively, and they define the Legendre map introduced in (11) . They show that, as discussed above, the section ψ take values in the submanifold
Finally, combining the equations (24) with the local expression of the Legendre map given by the equations (25) and (26) we obtain
(29) These are the Euler-Lagrange equations for a section ψ ∈ Γ(ρ r M ), which are equivalent to the Einstein equations
and, as it is well known, they are of order two.
If ψ is a holonomic section solution to (9) , the tangency conditions on the Einstein's equations are automatically satisfied. Indeed, the last constraints (21) read
which is automatically satisfied because ψ, in particular, is a solution to the Einstein equations (30) and then (29) holds. Using the same reasoning, we can check that (22) is also automatically satisfied. These last equations fix the gauge freedom, therefore the gauge symmetry does not show when considering the Einstein's equations for sections.
Recovering the Lagrangian and Hamiltonian formalisms 2.3.1 Lagrangian formalism
(See [35, 36] for the general details).
be the symmetrized Liouville forms in J 2 π † . The Poincaré-Cartan forms in J 3 π are the forms defined as Remark: These forms coincide with the usual Poincaré-Cartan forms for second-order classical field theories that can be found in the literature [1, 18, 30, 34] , which are constructed taking the Lagrangian density L V and using the canonical structures of the higher-order jet bundles. Therefore, starting from the 4-Poincaré-Cartan form Θ L V , the Legendre maps FL V and FL V can be defined in an intrinsic way as follows [14] 
. . ,Z m ), and then the restricted Legendre map is
Using natural coordinates in J 3 π, we have the local expression
Notice that, if
where
then
where (3), (4), and (5), respectively. Observe that this is a pre-multisymplectic form since, locally,
.
Thus we have the Lagrangian system (J 3 π, Ω L V ), and the Lagrangian problem associated with this system consists in finding holonomic sections ψ L = j 3 φ ∈ Γ(π 3 ) (with φ ∈ Γ(π)) satisfying any of the following equivalent conditions:
2. ψ L is an integral section of a multivector field contained in a class of holonomic multivector fields
In order to recover the Lagrangian field equations, the Poincaré-Cartan forms defined in
Then, the solution to the Lagrangian problem associated with the singular Lagrangian system (J 3 π, Ω L V ), which is stated in the equations (34) and (35), is given by the following Proposition 3 and Theorem 2:
be a holonomic section solution to the equation (9) , then the section
is holonomic, and is a solution to the equation
is a holonomic section solution to the field equation (36) , then the section
is holonomic and it is a solution to the equation (9).
In local coordinates in J 3 π, the equation for the holonomic section ψ L = j 3 φ are the Euler-Lagrange equations 
Theorem 2. Let X ∈ X 4 (W r ) be a holonomic multivector field solution to the equation (10) , at least on the points of a submanifold 
Conversely, if X L ∈ X 4 (J 3 π) is a holonomic multivector field solution to the equation (38) , at least on the points of a submanifold S f ֒→ J 3 π, and tangent to S f ; then there exists a unique holonomic multivector field X ∈ X 4 (W r ) which is a solution to the equation (10) , at least on the points of
The relation between these multivector fields is
As we have pointed out before, the equalities (16) and (18) define the submanifold W L V which is diffeomorphic with J 3 π, and the constraint functions defining the Lagrangian final constraint submanifold
The local expression of a representative of a class of holonomic multivector fields in J 3 π is
(41) then, there are holonomic multivector fields which are solutions to the equation (35) on S f , and tangent to S f . They are obtained from (23) using Theorem 2:
Finally, for the equations of the integral sections of these multivector fields (equation (34)), from (30), we obtain that (39), evaluated on the points in the image of holonomic sections ψ L = j 3 φ in J 3 π (see Prop 3 and (37)), are equivalent to the Einstein equations
All these results can be also obtained applying the constraint algorithm straightforwardly for the equation (35) , in the same way as we have done for the unified formalism; then doing a purely Lagrangian analysis. Thus, the Euler-Lagrange equations for an holonomic multivector field like (41) (which are obtained from (35)) read as
and, as for the Hilbert-Einstein Lagrangian the Hessian matrix ∂ 2 L ∂g αβ,ρσ ∂g µν,λτ vanishes identically, we obtain that L αβ = 0, which are the compatibility conditions for the Euler-Lagrange equations; that is, the primary Lagrangian constraints (39) . From here, the constraint algorithm continues by requiring the tangency condition, as it is usual (see [20] ).
Hamiltonian formalism
(See [35, 37] for the general details). Consider the Legendre maps introduced in Proposition 1. Then
and we have that rank(T j 3 x φ FL V ) = 54. Furthermore, locally we have that
and thus FL V is highly degerated.
In order to assure the existence of the Hamiltonian formalism we have to assure that the Lagrangian density L V ∈ Ω 4 (J 2 π) is, at least, almostregular; that is, P is a closed submanifold of J 2 π ‡ , FL V is a submersion onto its image and, for every j 3 x φ ∈ J 3 π, the fibers FL
x φ)) are connected submanifolds of J 3 π. Then, the following result allows us to consider the Hamiltonian formalism: Proposition 4. L V is an almost-regular Lagrangian and P is diffeomorphic to J 1 π.
Proof. P is a closed submanifold of J 2 π ‡ since it is defined by the constraints
The dimension of P is 4 + 10 + 40 = 54 and, as rank(TFL V ) = 54 in every point, TFL V is surjective and FL V is a submersion. Finally, bearing in mind (43), we conclude that the fibers of the Legendre map, FL
, are just the fibers of the projectionπ 3 1 , which are connected submanifolds of J 3 π. Recall that J 3 π is connected because we are considering metrics with fixed signature. Thus, L V is an almost-regular Lagrangian.
Furthermore, taking any local section φ of the projection π 3 1 , the map Φ = FL V • φ : J 1 π → P is a local diffeomorphism (which does not depend on the section chosen). Then, using these local sections, from a differentiable structure of J 1 π we can construct a differentiable structure for P; hence P and J 1 π are diffeomorphic.
Then, it can be proved that the µ-transverse submanifolds P and P are diffeomorphic and the diffeomorphism, denotedμ :P → P, is just the restriction of the projection µ toP. Therefore we can define a Hamiltonian µ-section as h V = • µ −1 , which is specified by a local Hamiltonian function 
Now, we can define the Hamiltonian forms
and thus we have the Hamiltonian system (P, Ω h V ). Then, the Hamiltonian problem associated with this system consists in finding holonomic sections ψ h : M → P satisfying any of the following equivalent conditions:
1. ψ h is a solution to the equation
2. ψ h is an integral section of a multivector field contained in a class of holonomic multivector fields {X h } ⊂ X 4 (P) satisfying the equation
(Here, holonomic sections and multivector fields are defined as in J 2 π † ). Then the Hamiltonian formalism is recovered as follows:
be a solution to the equation (9) . Then, the section
Theorem 3. Let X ∈ X 4 (W r ) be a holonomic multivector field which is a solution to the equation (10) , at least on the points of a submanifold  f : W f ⊆ W L V ֒→ W r , and tangent to W f . Then there exists a holonomic multivector field X h ∈ X 4 (P) which is a solution to the following equation, at least on the points of P f = FL V (S f ), and tangent to P f ,
Conversely, if X h ∈ X 4 (P) is a holonomic multivector field which is a solution to the equation (46) , at least on a submanifold P f ֒→ P, and tangent to P f ; then there exist locally decomposable, ρ r Mtransverse and integrable multivector fields X ∈ X 4 (W r ) which are solutions to the equation (10) , at least on the points of 
Formulation using non multimomentum coordinates.
From the unified formalism, the easiest way to describe locally the Hamiltonian formalism consists in taking (x µ , g αβ , g αβ,µ ) as local coordinates adapted to P. As the function H defined in (32) is FL o Vprojectable, the Hamiltonian function defined on P is just
where H αβklµν is given by (33) . As L V is almost regular, the Hamiltonian section h V : P → J 2 π † exists and its local expression is
Now we define the Hamilton-Cartan forms
, whose coordinate expressions are
(Observe that, with this choice of coordinates,Θ h V and Ω h V looks locally like Θ L V and Ω L V ). Thus, we have the Hamiltonian system (P, Ω h V ). Then, Proposition 5 and Theorem 3 establish the relation between the solutions to the Hamiltonian and the unified problem.
In this case, first observe that, locally,
, and as
we have that the constraints (20) and (21) (which define the final constraint submanifold W f as a submanifold of W L V = graph FL V in the unified formalism) are not ρ r P -projectable (see diagram (47)), and this means that there are no Hamiltonian constraints and the Hamilton equations have solutions everywhere in P. (What is equivalent, the Lagrangian constraints (39) and (40) are not FL o V -projectable). This is a consequence of the fact that, in the Lagrangian formalism, these constraints really arise as a consequence of demanding the holonomy condition and hence, as it was studied in [9] , they are not projectable by the Legendre map. Then:
Proposition 6. An integrable (holonomic) multivector field solution to the equations (45) is
Proof. The proof is given in the appendix A.
For the integral sections of X h , which are solutions to (44) , if ψ(
The last equation is equivalent to the holonomy condition, ∂ψ λσ ∂x ν = ψ λσ,ν (see the appendix A). Writing the first one in terms of the Hamiltonian we obtain
And rearranging the terms, these equations are equivalent to the Einstein equations (42) .
Formulation using multimomentum coordinates.
As we have said, the coordinates (x µ , g αβ , g αβ,µ ) arise naturally from the unified formalism. Nevertheless, the standard way to describe locally the Hamiltonian formalism of classical field theory consists in using the natural coordinates in the multimomentum phase spaces; that is, multimomentum coordinates. Then, the first relevant result is:
The coordinates p αβ,µ and g αβ,µ are in one-to-one correspondence.
Proof. The starting point is to consider the constraints p αβ,µ = L αβ,µ (x µ , g αβ , g αβ,µ ) which define partially the constraint submanifold W L V , and from these relations we can isolate the coordinates g αβ,µ . Indeed, the functions
and these relations give the coordinates g αβ,µ as functions of p λσ,ν and the other coordinates.
Thus
The field equations are derived again from (45) expressed using the new coordinates. Now, the HamiltonCartan form Ω h has the local expression:
and the local expression of a representative of a class {X h } of semi-holonomic multivector fields in P is 
does not vanish. A solution to these equations is
where the velocities in the connection are expressed using the momenta, which is a holonomic (i.e., integrable) multivector field in P.
Finally, we consider the equations of the integral sections of X h . These equations can be obtained from equation (44) which, for a section ψ(x α ) = (x α , ψ αβ (x α ), ψ αβ,µ (x α )), leads to 3 An equivalent first-order Lagrangian to Hilbert-Einstein
As we pointed out at the end of Section 2.2, there exists a first-order Lagrangian equivalent to the HilbertEinstein Lagrangian [4, 38] . Now we study the Lagrangian and the Hamiltonian formalism of this model, comparing them with the Hamiltonian formulations for the Hilbert-Einstein Lagrangian presented in the above section. As it is a first order Lagrangian, we need to use the multisymplectic formalisms developed for these kind of theories; in particular, those reviewed in [37] .
The configuration manifold π : E → M , is the same described in Section 2.1, and the Lagrangian formalisms takes place in the first jet bundle J 1 π, with coordinates (x µ , g αβ , g αβ,µ ). The first-order Lagrangian density proposed in [38] 
The Poincaré-Cartan form for this Lagrangian is
The Lagrangian L is regular and hence Ω L is a multisymplectic form. For the Lagrangian system (J 1 π, Ω L ) we look for solutions to the equations (36) or (38) and, as the system is regular, solutions exist everywhere in J 1 π (there are no Lagrangian constraints). Although it is a first order system, in [38] it is shown how these equations coincide with the Einstein equations.
As L is regular, we can state the standard Hamiltonian formalism for first-order regular field theories. Being J 1 π * the ("first-order") reduced multimomentum bundle, whose natural coordinates are (x µ , g αβ , p αβ,µ ), the corresponding Legendre map FL : J 1 π → J 1 π * is given by
Then we have the Hamilton-Cartan form
This multisymplectic form can also be obtained introducing the Hamiltonian section h :
where H is the Hamiltonian function associated with L, whose local expression is
In this way, we have constructed the Hamiltonian system (J 1 π * , Ω h ) and the corresponding Hamilton field equations have solutions everywhere in J 1 π * (there are no Hamiltonian constraints). Furthermore, as FL is a diffeomorphism, every solution to the Lagrangian problem stated for the Lagrangian system (J 1 π, Ω L ) induces a solution to the Hamiltonian problem stated for the Hamiltonian system (J 1 π * , Ω h ) via this Legendre map, and conversely.
The following result relates this approach to the one we have presented in the above section.
Proof. In order to prove these equalities, it suffices to prove that, H V and Ω h V have the same local coordinate expressions than L and Ω L , respectively.
First, from (48), using (50) and taking into account the coordinate expressions stated in (2), (3), (4), and (5), we obtain that
We have used that ∂L 0 ∂g αβ,µ g αβ,µ = 2L 0 , which is a consequence of L 0 being homogeneous of degree 2 on the velocities. Now we compute
then, using these last results and bearing in mind (51) and (49), we have that
The last term vanishes because the coefficient is symmetric under the change of the indices γ, λ by α, β, but the exterior product is skewsymmetric. Finally, notice that L λσ,νµ do not contain derivatives of the metric, thus we can write
and, therefore, we can conclude that Ω L and Ω h V have the same local expression.
As a consequence of this result, the solutions to the Hamiltonian problem stated for the Hamiltonian system (P, Ω P ) and to the Lagrangian problem stated for the Lagrangian system (J 1 π, Ω L ) are in oneto-one correspondence by the map Φ.
Observe that we have also the diffeomorphism Ψ = Φ −1 • FL : P → J 1 π * . Therefore, the solutions to the Hamiltonian problems stated for the Hamiltonian systems (P, Ω h V ) and (J 1 π * , Ω h ) are also oneto-one related by this map.
Summarizing, we have proved that the following formulations are equivalent:
(where, in the last case, we can use the local description using multimomentum coordinates or not). Locally, this equivalence means that all the formulations lead to the same equations (Einstein's equations), up to a change of variables and, hence, every solution in each formalism induces a solution in the others via the appropriate diffeomorphism. The following diagram summarizes all the picture:
The Einstein-Hilbert model with energy-matter sources
Previous statements
The Einstein-Hilbert model with energy-matter sources is described by a Lagrangian density
, and L m ∈ C ∞ (J 2 π) represents the energy-matter source and depends only on the metric and the first and second derivatives of its components. It is related with the stress-energy-momentum tensor T µν by
(For a geometric study on the stress-energy-momentum tensors see, for instance, [16, 17, 23, 31, 47] ). Then, we can write
The behaviour of the theory depends on the source. Nevertheless, some qualitative properties can be studied in general, as long as we know the degeneracy of the source.
Definition 2. For a function
(Notice that f αβ,µ ∈ C ∞ (J 3 π) and f αβ ∈ C ∞ (J 4 π)). Then, the degree of f is the smallest natural number deg(f ) = s such that:
If f αβ,µ = f αβ,µν = 0, we define deg(f ) = 0.
Now, applying the results of [20, 38] we obtain that:
, and hence f αβ are π 3 s -projectable functions.
The degree of L S characterizes partially the behaviour of the theory, as we are going to see in the next paragraphs. For instance, if a Lagrangian is regular it has degree 4, but there are also singular Lagrangians with degree 4. The Hilbert-Einstein Lagrangian in vacuum, L V , has degree 2.
For these kinds of systems it is possible to obtain some constraints in the unified and the Lagrangian formalisms but the Hamiltonian formalism depends strongly on the particular energy-matter source. For a source such that deg(L m ) ≤ 2, we have that deg(L S ) ≤ 2), and these theories have a well defined Hamiltonian formalism; in particular, for the case that deg(L m ) ≤ 1 we obtain the general semiholonomic solution. These cases include the energy-matter sources coupled only to the metric; that is, deg(L m ) = 0, like the electromagnetic source or the perfect fluid. We will present the former as an example.
Lagrangian-Hamiltonian unified formalism
As L S ∈ C ∞ (J 2 π), we can work with the same manifolds introduced in Section 2.2; that is, the symmetric higher-order jet multimomentum bundles
The pull-back of the Lagrangian to these manifolds is denoted in the same way as above:
The Liouville forms in W r , Θ Sr and Ω Sr , are defined likewise and have the local expressions
As in Section 2.2, the Lagrangian-Hamiltonian problem associated with the system (W r , Ω Sr ) consists in finding holonomic sections ψ ∈ Γ(ρ r m ) satisfying any of the following equivalent conditions:
Proposition 1, which defines the Legendre transformation, also holds forL S : 
Proof. For the case deg(L m ) = 4, the first two restrictions, which involve the momenta, hold for every second order field theory (Proposition 10 and [35] ).
c−1 -projectable (in particular π 3 1 -projectable), which implies the other two restrictions [20] . They can also be obtained by a similar procedure as in Section 2.2.
Depending on the energy-matter term, maybe there are not any holonomic solution on W S . In this situations, a smaller submanifold has to be considered in order to find a holonomic solution.
Lagrangian and Hamiltonian formalisms
In section 2.3.1 we have stated how to recover the Lagrangian formalism from the unified formalism for the Hilbert-Einstein Lagrangian with no energy-matter souces. As in that case, now the Lagrangian formalism takes place in J 3 π, and the Poincaré-Cartan forms (31) associated with the Hilbert-Einstein Lagrangian with energy-matter sources are
which have the local expressions
have the same coordinate expressions thanL αβ,µν ,L αβ,µ , andL 0 .
The Lagrangian problem associated with the Lagrangian system (J 3 π, Ω L S ) is stated like in equations (34) and (35) 
The existence of holonomic solutions depends on the energy-mass term. In some cases we must continue the constraint algorithm, together with an integrability algorithm.
Finally, the equations of the integral sections (34) can be analyzed in a similar fashion as in Section 2.2.4, and using Proposition 3. This leads to the Euler-Lagrange equations
Introducing the stress-energy-momentum tensor as
where G as the Newton's gravitational constant and c the speed of light, then
and equations (54) are equivalent to the Einstein equations with stress-energy-momentum tensor.
All these results can be also obtained applying the constraint algorithm straightforwardly to the equation (34) , in the same way as we have done for the unified formalism; then doing a purely Lagrangian analysis.
For establishing the multimomentum Hamiltonian formalism we use the Legendre maps FL S and FL S defined in Proposition 10. Now, we denote P S = FL S (J 3 π) ֒→ J 2 π † and P S = FL S (J 3 π)  ֒→ J 2 π ‡ , with the natural projectionπ P S : P S → M . In order to assure the existence of the Hamiltonian formalism we demand that the Lagrangian density L S ∈ Ω 4 (J 2 π) is, at least, almost-regular. Then we can define the Hamiltonian forms Θ h S and Ω h S , and then we have the Hamiltonian system (P S , Ω h S ). The Hamiltonian problem associated with this system is stated in (44) and (45), but with Ω h S instead of Ω h V . This Hamiltonian formalism is recovered from the unified formalism following Proposition 5 and Theorem 3.
In the actual case, the formalism depends strongly on the singularity of the theory. Nevertheless, if
, we have a similar situation as in the vacuum case. In particular:
Then we have that rank(T j 3 x φ FL S ) = 54 at every point j 3 x φ ∈ J 3 π. Therefore TFL S is surjective and FL S is a submersion. From here the proof is the same as in Proposition 4.
In general the functionsL αβ,µ S are not invertible, thus we use the non momenta coordinates (x µ , g αβ , g αβ,µ ) as local coordinates adapted to P S . The function H S is defined by
and the Hamilton-Cartan form have the coordinate expressions
The resulting Hamiltonian equations for sections (44) are
and rearranging the terms, these equations are locally equivalent to the Einstein equations (54).
If deg(L S ) > 2, then FL S may not be a submersion and, hence, L S is not almost-regular. In these cases the construction of the Hamiltonian formalism is more complicated.
Example: Electromagnetic source
Consider the case of a free electromagnetic source with electromagnetic tensor F µν . The corresponding Lagrangian function is
where the components of the tensor F µν are functions on the base manifold M . In this case, deg(L m ) = 1, and the stress-energy-momentum tensor is
The corresponding form Θ Sr is π 3 1 -projectable, which implies that X V (π 3 1 ) are gauge vector fields. By Theorem 4, solutions to the field equations exist on the points of the submanifold defined by
The first two restrictions define the Legendre transformation, and the last two fix the gauge freedom of the higher derivatives. The local expression of any semiholonomic multivetor field solution to (53) can be obtained by combining these restrictions, the holonomy conditions, and the solution obtained in the Appendix A.3,
, and
The Lagrangian formalism takes place in J 3 π, but the Corollary 1 states that a solution exists in the submanifold defined by L
The Euler-Lagrange equations (54) are equivalent to the Einstein equations
A section ψ : M → E is a solution to the Einstein equations if, on the points of its image, it is a section of a multivector field with local expression
For the Hamiltonian formalism, we have the Hamiltonian system (P S , Ω h S ), where P S is diffeomorphic to J 1 π, as a consequence of Proposition 11, and the Hamiltonian function giving the Hamiltonian section h is
where H P is the Hamiltonian for the vacuum case (48). A semiholonomic multivector field solution to (45) has the local expression
+ F αβ;µ,τ ∂ ∂g αβ,µ .
Symmetries

Symmetries in the Lagrangian formalism
Symmetries for physical systems are transformations that map solutions to the physical equations into solutions. Geometrically, they are assumed to be locally generated by vector fields and then they are called infinitesimal symmetries, and these are the kinds of symmetries we are mainly interested. First, we state geometrically these concepts, reviewing the following basic definitions and results for the Lagrangian formalism (see, for instance, [11, 12, 19, 25] for more details).
Consider the Lagrangian system
, with final constraint submanifold S f ֒→ J 3 π, and let ker 4 Ω L := {X ∈ Ω 4 (J 3 π) | i(X)ΩL = 0}. We are interested in the following kind of symmetries:
Φ is said to be an exact Cartan symmetry. Furthermore, if Φ = j 3 ϕ for a diffeormorphism ϕ : E → E, the Cartan symmetry is natural.
An infinitesimal Cartan or Noether symmetries of (J 3 π, Ω L ) is a vector field X ∈ X(J 3 π), tangent to S f , whose local flows are local Cartan symmetries; that is, satisfying that L(X)ΩL = 0. If, in addition, L(X)ΘL = 0, then X is said to be an infinitesimal exact Cartan symmetry. Furthermore, if X = j 3 Y , for some Y ∈ X(E), then the infinitesimal symmetry is called natural.
Symmetries transform solutions to the field equations into solutions:
is a natural Cartan symmetry, and X ∈ ker
4 Ω L is holonomic, then Φ t transforms the holonomic sections of X into holonomic sections, and hence Φ * X ∈ ker 4 Ω L is also holonomic.
As a consequence, if
X = j 3 Y ∈ X(J 3 π
) is a natural infinitesimal Cartan symmetry, and Φ t is a local flow of X, then Φ t transforms the holonomic sections of X into holonomic sections.
Proof. Let j 3 ϕ : M → J 3 π be an holonomic section of X, for a section ϕ : M → E; then it is a solution to the field equations (34) and then (j 3 ϕ) * i(X ′ )Ω L = 0, for every X ′ ∈ X(J 3 π). Therefore.
is a solution to the field equations. Therefore j 3 (φ t •ϕ) is also a solution to the field equation. The last statement is immediate since, as X is an infinitesimal natural Cartan symmetry its local flows Φ t : J 3 π → J 3 π are canonical liftings of the local flows φ t : E → E of Y .
Symmetries are associated to the existence of conserved quantities (or conservation laws).
Definition 4. A conserved quantity of the Lagrangian system
Then, ξ ∈ Ω 3 (J 3 π) is a conserved quantity if, and only if, L(Z)ξ = 0, for every Z ∈ ker 4 Ω L , and the following property holds: if ξ ∈ Ω 3 (J 3 π) is a conserved quantity and X ∈ ker 4 Ω L is integrable, then ξ is closed on the integral submanifolds of X; that is, if j S : S ֒→ J 3 π is an integral submanifold, then dj * S ξ = 0. Therefore, if ξ ∈ Ω 3 (J 3 π), for every integral section ψ : M → J 3 π of X, there is a unique X ψ * ξ ∈ X(M ) such that i(Xψ * ξ )η = ψ * ξ ∈ Ω 3 (M ) and, if divX ψ * ξ denotes the divergence of X ψ * ξ , from the definition L(Xψ * ξ )η := divX ψ * ξ η, we obtain that (divX ψ * ξ ) η = dψ * ξ. Then, ξ is a conserved quantity if, and only if, divX ψ * ξ = 0, and hence, in every bounded domain U ⊂ M , Stokes theorem says that
The form ψ * ξ is called the current associated with the conserved quantity ξ, For infinitesimal Cartan symmetries, the condition L(X)ΩL = 0 is equivalent to demanding that i(X)ΩL is a closed 3-form in J 3 π and hence an infinitesimal Cartan symmetry is a locally Hamiltonian vector field for the (pre)multisymplectic form Ω L , and ξ X ∈ Ω 3 (U ) is the corresponding local Hamiltonian form in an open neighbourhood U ⊂ J 3 π: that is, i(X)ΩL|U = dξ X . Therefore:
4 Ω L (and hence for every holonomic
that is, any Hamiltonian 3-form ξ X associated with X is a conserved quantity. As a particular case, if X is an exact infinitesimal Cartan symmetry then ξ X = i(X)ΘL.
(For every integral submanifold ψ of X, the form ψ * ξ X is called a Noether current, in this context).
It is well known that canonical liftings of diffeomorphisms and vector fields preserve the canonical structures of J 3 π. Nevertheless, the form Ω L is not canonical, since it depends on the choice of the Lagrangian density L, and then it is not invariant by these canonical liftings, unless the Lagrangian density L is also invariant by them. In this way, Ω L and hence the Euler-Lagrange equations are invariant. Thus, bearing in mind that L ∈ Ω 4 (J 2 π), another particular kind of symmetries are defined as follows:
Therefore, as a direct consequence of the above discussion, we have:
and hence it is an exact Cartan symmetry.
As a consequence, if j
3 Y ∈ X(J 3 π) is an infinitesimal Lagrangian symmetry, then L(j 3 Y )Θ L = 0
, and hence it is an infinitesimal exact Cartan symmetry.
Finally, a particular case of infinitesimal Cartan symmetries are those vector fields, tangent to S f , such that i(X)ΩL = 0. Thus, we define: Definition 6. A (geometric) gauge vector field (or a gauge variation) is a vector field X ∈ ker Ω L , tangent to S f . Theπ 3 -vertical elements of ker Ω L , which are tangent to S f , are the vertical gauge vector fields (or vertical gauge variations). Finally, if X ∈ ker Ω L isπ 3 -vertical, is tangent to S f and is a natural vector field, it is said to be a natural gauge vector field or a natural gauge symmetry.
Remark: The origin of these definitions relies in the following facts: First, the existence of gauge symmetries and of gauge freedom is related to the non-regularity of the Lagrangian L and hence gauge vector fields must be elements of ker Ω L . Second, gauge vector fields must beπ 3 -vertical since, in this way, we assure that the base manifold M does not contain gauge equivalent points and then all the gauge degrees of freedom are in the fibres of J 3 π (and therefore, after doing a reduction procedure or a gauge fixing in order to remove the gauge multiplicity, the base manifold M remains unchanged). Finally, we demand that gauge symmetries are natural because this condition assures that they transform holonomic solutions to the field equations into holonomic solutions.
Symmetries in the unified formalism
Consider the premultisymplectic system (W r , Ω r ) associated with the Lagrangian system (J 3 π, Ω L ), the submanifold W L ֒→ W r where the field equations in the unified formalism are compatible, and the final constraint submanifold W f ֒→ W L ֒→ W r . Remember that, as it was stated in Section 2.
As we are interested in infinitesimal symmetries, the analysis is done only for this case (the study for diffeomorphisms is similar). Thus, denote X(
to S f and, in this case, X ∈ X(J 3 π) is an infinitesimal Cartan symmetry of the Lagrangian system (J 3 π, Ω L ). This leads to define:
, then X r is said to be an infinitesimal exact Cartan symmetry. Furthermore, if the associated vector field X ∈ X(J 3 π) is natural (i.e., X = j 3 Y , for some Y ∈ X(E)), then X r is said to be an infinitesimal natural Cartan symmetry.
Observe also that, if X r is an infinitesimal natural Cartan symmetry of (W r , Ω r ), then it is an holonomic vector field in W r , and it is not difficult to prove that the local flows of Y r transforms holonomic solutions to the field equations of the system (W r , Ω r ) into holonomic solutions too.
In the same way, if
and, as ρ L 1 is a diffeomorphism, from here we obtain that L(X)((π 3 2 ) * L V ) = 0. In addition, if X is tangent to S f and is a natural vector field, then it is a Lagrangian symmetry of the Lagrangian system (J 3 π, Ω L ). This justifies the following:
, and that the associated X ∈ X(J 3 π) is natural.
Conserved quantities are defined in the unified formalism for the premultisymplectic system (W r , Ω r ) like in the Lagrangian formalism for (J 3 π, Ω L ), and the their properties (including Noether's theorem) are stated in the same way (see also [19] ). As a consequence, if ξ ∈ Ω 3 (J 3 π) is a conserved quantity of the Lagrangian system (J 3 π, Ω L ), then (ρ r 1 ) * ξ ∈ Ω 3 (W r ) is a conserved quantity of the premultisymplectic system (W r , Ω r ).
Symmetries for the Einstein-Hilbert model
Now, consider the Hilbert-Einstein Lagrangian (withouth energy-matter sources).
The canonical lift of φ to the bundle of metrics E is the diffeomorphism F : E → E defined as follows: for every ( 
Let Z ∈ X(M ). The canonical lift of Z to the bundle of metrics E is the vector field Y Z ∈ X(E) whose associated local one-parameter groups of diffeomorphisms F t are the canonical lifts to the bundle of metrics E of the local one-parameter groups of diffeomorphisms F t of Z.
In coordinates, if Z = f µ (x) ∂ ∂x µ ∈ X(M ), the canonical lift of Z to the bundle of metrics is
and then
Furthermore j 3 Y Z is tangent to S f . In fact, as it is a natural vector field that leaves the Hilbert-Einstein Lagrangian invariant, then the corresponding Euler-Lagrange equations (the Einstein equations) are also invariant, and hence for the constraints (39) we have that
while for the constraints (40) we obtain
Therefore j 3 Y Z is an infinitesimal Lagrangian symmetry and then it is an exact infinitesimal Cartan symmetry. Its associated conserved quantity is
These vector fields are the only natural infinitesimal Lagrangian symmetries for this model [32, 38] .
Conclusions and outlook
We have presented a multisymplectic covariant description of the Einstein-Hilbert model of General Relativity using a unified formulation joining both the Lagrangian and Hamiltonian formalisms.
Our procedure consists in using the constraint algorithm to determine a submanifold of the higherorder jet-multimomentum bundle W r where the field equations written for multivector fields (10) are compatible; that is, where there exist classes of holonomic multivector fields {X} which are solution to these equations. These classes of multivector fields are associated with holonomic distributions, whose integral sections are solutions to (9) . Thus, the constraints arising from the algorithm determine where the image of the sections may lay. This algorithm is also the main tool in order to state many of the fundamental characteristics of the theory.
The constraints (16) and (18), which define W L , are a natural consequence of the unified formalism and define the Legendre map which allows to state the Hamiltonian formulation and the Hamilton-de Donder-Weyl version of the Einstein equations. Nevertheless, as the Hilbert-Einstein Lagrangian L is singular, the algorithm produces more constraints.
In the case of no energy-matter sources, among the new constraints, the physical relevant equations are the primary constraints (20) which, evaluated on the points of the holonomic sections, are just the Einstein equations. As a consequence of the singularity of L, they are 2nd-order PDE's, instead of 4th-order as correspond to a 2nd-order Lagrangian. Einstein's equations appear as constraints of the theory because they are 2nd-order PDE's which are defined as a submanifold of a higher-order bundle (containing J 3 π as a subbundle).
The constraints (20) and (21) are also related with the fact that Θ r is (π 3 1 • ρ r 1 )-projectable and, as a consequence of this, in the Lagrangian formalism, the Poincaré-Cartan form Θ L projects onto a form in J 1 π, which is not the Poincaré-Cartan form of any first-order Lagrangian. Nevertheless, there is are firstorder regular Lagrangians which are equivalent to the Hilbert-Einstein Lagrangian [4, 26, 32, 33, 38, 39] . The Lagrangian and Hamiltonian formalism of one of these Lagrangians have been analyzed in detail.
Thus, te secondary constraints (21) contain no physical information: they are of geometrical nature and arise because we are using a manifold prepared for a second-order theory of a Lagrangian which is physically equivalent to a first-order Lagrangian. Hence, the constraints (16) and (18), which define the Legendre map, and (20) , which is equivalent to the Einstein equations, are the only relevant equations.
When we recover the Lagrangian formalism from the unified one, as a consequence of the singularity of the Hilbert-Einstein Lagrangian, solutions to the Euler-Lagrange field equations only exist in a constraint submanifold S f ֒→ J 3 π. Furthermore, if we interpret the Einstein-Hilbert model as a gauge theory having the second and third order velocities as gauge vector fields (see (6) ), the constraints (20) and (21) fix this gauge partially (both in the unified and the Lagrangian formalisms). To fix the remaining gauge degrees of freedom would lead, in the Lagrangian formalism, to a submanifold of S f diffeomorphic to J 1 π. In a forthcoming paper we will present an interpretation of gauge symmetries for multisymplectic classical field theories.
Furthermore, in the Lagrangian formalism, the Lagrangian constraints arise as a consequence of demanding the holonomy condition for the solutions to the field equations and the fact that the Hessian matrix of the Hilbert-Einstein Lagrangian with respects to the highest-order coordinates in J 3 π vanishes identically. Hence these kinds of constraints are not projectable by the Legendre map (see [24] for an analysis of this subject for higher-order dynamical theories).
The multimomentum Hamiltonian formalism for the Einstein Hilbert model has not gauge freedom, since the Hamilton-Cartan form is regular and P is diffeomorphic to J 1 π and J 1 π * (see also the results in [5] ). In fact, this formalism is the same than the multimomentum Hamiltonian formalism for the regular 1st-order equivalent Lagrangian L analysed in Section 3.
When the energy-matter sources are present, some of the geometrical and physical characteristics of the theory depend on the properties of the Lagrangian L m representing the source. In particular, the number of constraints arising from the constraint algorithm, the obtention of holonomic multivector fields solution to the Lagrangian field equations, and the construction of the covariant multimomentum formalism. This study has been done in detail for some cases of energy-matter sources (those which we are called "of degree ≤ 2"), which include as a particular case the energy-matter sources coupled to the metric (for instance, the electromagnetic source or the perfect fluid).
In all the cases, we have obtained explicitly semiholonomic multivector fields representing integrable distributions whose integral sections are solutions to the field equations.
Finally, we have done also a discussion about symmetries and conserved quantities. After stating the basic conceptss and properties in the Lagrangian formalism (including Noether's theorem), we have characterized the symmetries and conservation laws in the unified formalism. The analysis is completed giving the expression of the natural Lagrangian symmetries and their conserved quantities for the HilbertEinstein Lagrangian in vacuum. A deeper study on all these topics is currently in progress.
Another model for the Einstein gravity theory is given by the so-called affine-metric or EinsteinPalatini Lagrangian, which is a highly degenerated first-order LagrangianL depending linearly on the components of the metric g and the components of an arbitrary connection Γ. The gauge freedom of this model is higher than in the Einstein-Hilbert model. It is proved that the conditions of the connection to be metric and torsionless (which allows us to recover the Einstein-Hilbert model from the Einstein-Palatini model) are really a partial fixing of this gauge freedom [8] . A multisymplectic study of the affinemetric model using the unified formalism is given in [3] , and the geometric analysis of the corresponding constraint algorithm and the gauge symmetries of the model will be developed in a forthcoming work.
A Solutions to the Hamiltonian equations for the Einstein-Hilbert model
We have seen that the Einstein equations can be stated from different geometrical points of view. In order to solve them, we can use whichever we find more appropriate. Indeed, as it is explained in [35] , the solutions can be transported canonically from one formalism to another. In this section we solve the equations for multivector fields in the Hamiltonian formalism.
A solution to the Einstein equations is a metric over the manifold; that is, a section ψ : M → E. The multivector fields we find provide system of partial differential equations whose solutions are the sections (65). In this sense, finding the multivector fields is only the first step on solving Einstein equations. Nevertheless, this approach leads to new equations, which may be more appealing. For instance, they have a unique solution provided an initial condition: there is no need of boundary conditions.
The relation between sections and multivector fields is explained in Section B. Only holonomic multivector fields have associated holonomic integral sections. Nevertheless, we look first for semiholonomic multivector fields, except in the case of the vacuum case, where we find a particular solution which is a proper holonomic multivector field. It is used in Theorem 1 to determine the final submanifold.
Since the equations for multivector fields are lineal, we proceed to find a particular solution and then the homogeneous solutions for the vacuum case. Later, we will consider energy-matter sources.
A.1 Particular solution (without energy-matter sources)
The Hamiltonian problem for the premultisymplectic system (P, Ω h ) consists in finding classes of holonomicπ P -transverse multivector fields {X h } ⊂ X 4 (P) such that
The local expression of a representative of a class {X h } of these kinds of multivector fields in P is
Equation (55) takes the local expression:
We denote U αβ,µν,λσ = ∂L αβ,µν ∂g λσ − ∂L λσ,ν ∂g αβ,µ , whose explicit expressions are
and they fulfill the following relations:
The equations are algebraic, in the sense that no derivatives of F αβ,µ , nor F αβ,µν appear. (The indices are symmetrized as usual).
We start by solving equation (56). First, we rewrite it as
Now we multiply it by
which works as a sort of inverse; then we obtain
Therefore, F λσ,ν = g λσ,ν and the holonomy condition is recovered. Using this condition, equation (55) becomes:
These equations have as particular solution
, which can be checked after some computation. The multivector field
is holonomic andπ P -transverse, and verifies that i(X P h )Ω h = 0. The last thing to check is that it is integrable. The Lie bracket for two arbitrary components X P γ and X P ρ is
The vector field [X P γ , X P ρ ] is π 1 -vertical. Therefore, the integrability condition can only be achieved if [X P γ , X P ρ ] = 0. Imposing the condition on the coefficient of
, we obtain that F P αβ;ρ,γ − F P αβ;γ,ρ = 0. These conditions are expected since, for a section, they represent the equality between second order crossed partial derivatives. Clearly the solution proposed fulfils this condition. After a rather long but straightforward computation, we can check that the coefficients of ∂ ∂g αβ,µ also vanish.
A.2 General solution (without energy-matter sources)
The existence of a particular solution X P h to (55) is relevant, because it implies that no extra restrictions are needed, as showed in Theorem 1. Now, we explore the general behaviour of the solutions to (55).
As we have shown before, (55) boils down to (59), which are linear equations. Therefore, we can split any solution into a particular and a homogeneous part:
The homogeneous part F h λσ;µ,ν is a set of functions which cancel out when contracted with (58), namely
The corresponding multivector field:
is a semiholonomic solution to (55). Nevertheless, it may not be integrable. Thus, the integrability of X h leads to new constraints on the valid set of functions T αβ;µ,ν . Condition (60) can be reformulated as follows: 
Proof. (61) can be rewritten as
Contracting (61) with g αβ , we obtain
Therefore the first term in (63) vanishes. Contracting the remaining term with g αη g βτ we obtain (62).
To prove the converse, contract (62) with g ητ . The resulting expression is equivalent to (64) because it is symmetric under the change (αβ) ↔ (ητ ). Then, (61) follows straighforwardly.
The following theorem summarizes the above results:
Theorem 7. For a class of multivectorfield {X} ⊂ X 4 (P), the following conditions are equivalent:
• {X} is a solution to the Hamiltonian problem for the system (P, Ω h V ), namely, they are holonomic multivector fields and satisfy the field equation
• Using the coordinates (x µ , g αβ , g αβ,µ ), the local expression of a represesentative of {X} is
where F P αβ;µ,ν = ∂g αβ,µ .
The equivalent theorem for sections is:
Theorem 8. For a holonomic section ψ : M → P, the following conditions are equivalent:
1. ψ is a solution to the Hamiltonian problem for the system (P, Ω h V ); namely it satisfies the field equation: ψ * i(X)Ωh V = 0 , for every X ∈ X(P),
ψ is a solution to the vacuum Einstein's equations
= 0, α, β = 0, . . . , 3. 
ψ is a solution to the differential equations
These theorems characterize the solutions to Einstein's equations without sources. The multivector fields solution to (7) are described by the set of functions F h αβ;µ,ν which have some combinatoric properties. The integral sections of an integrable multivector field are given by (65). Every multivector field has one section at every point, therefore, only an initial condition is required to solve these equations. The condition 3 in Theorem 7 is the integrability condition. If a multivector field is not integrable, we can still consider (65), but we will find out that such equations have no solution everywhere. Thus, the integrability condition is also the condition of existence of solutions to (65). Given an initial condition, there is several section solution to the equations: one for every multivector field. Nevertheless, two different multivector fields may lead to the same sections at a given point. These multiple solution are not gauge related, because the multisymplectic form is regular.
A.3 General solution (with energy-matter sources) Theorem 9 . Consider an energy-matter term L m with degree ≤ 1, and the system (P S , Ω h S ). For a class of multivector field {X} ⊂ X 4 (P S ), the following conditions are equivalent:
• {X} is a class of semiholonomic multivector fields solution to the equation i(X)Ωh S = 0 , for every X ∈ {X} .
• The local expression of a representative X ∈ {X} is X = and where F h αβ;µ,ν satisfies:
1. F h αβ;µ,ν = F h βα;µ,ν = F h αβ;ν,µ . 2. g αβ F h ητ ;α,β + F h αβ;η,τ − F h αη;τ,β − F h ατ ;η,β = 0.
Proof. The local expression of the equations is Then we split the unknown functions in three parts: As we have seen before, we can choose F R λσ;µ,ν = It is important to remark that the solution given by this theorem may not be integrable. But any integrable solution follows this structure. The corresponding result for sections is:
Theorem 10. For a holonomic section ψ : M → P S , the following conditions are equivalent:
1. ψ is a solution to the Hamiltonian problem for the system (P, Ω h S ), namely it satisfy to the field equation ψ * i(X)Ωh S = 0 , for every X ∈ X(P S ) . 
ψ is solution to the Einstein equations.
R αβ − 1 2 g αβ R ψ = − 1 ̺n(αβ) L αβ m | ψ .
ψ is solution to the differential equations
B Multivector fields
(See [13] for details). For every X ∈ X m (M), there exist X 1 , . . . , X r ∈ X(U ) such that
with f i 1 ...im ∈ C ∞ (U ), m r dim M. Then, the condition of X to be integrable is locally equivalent to [X i , X j ] = 0, for every i, j = 1, . . . , m. If two multivector fields X, X ′ belong to the same equivalence class {X} then, for every U ⊂ M, there exists a non-vanishing function f ∈ C ∞ (U ) such that X ′ = f X on U .
Definition 11.
If Ω ∈ Ω k (M) and X ∈ X m (M), the contraction between X and Ω is defined as the natural contraction between tensor fields; in particular, i(X)Ω | U := 
Definition 12.
In the case that M = J k π, a multivector field X ∈ X m (J k π) is said to be holonomic if it is integrable and its integral sections are holonomic sections ofπ k (and hence it is locally decomposable andπ k -transverse).
For a fiber manifold τ : E → M with coordinates (x i , y α ), a τ -transverse and locally decomposable multivector field X ∈ X m (E) is
A section of τ , ψ(x i ) = (x i , ψ α (x i )), is an integral section of X if its component functions satisfy the following system of partial differential equations
